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and all non-gravitational fields.
Keywords: Vaidya black hole; Energy; Teleparallel gravity.
Pac numbers: 04.20.-q; 04.20.Jb; 04.50.+h.
‡ Electronic address: mkorunur@dicle.edu.tr
§ Electronic address: musts6@yahoo.com (Corresponding author)
‖ Electronic address: oktay231@yahoo.com
¶ Electronic address: iacikgoz@dicle.edu.tr
Four-Momentum Associated with the Vaidya Black Holes... 2
1. Introduction
Einstein was the first to construct a locally conserved energy-momentum formulation [1].
The pseudo-tensor tνµ, also called Einstein’s pseudo-tensor, is such that, when summed
with the energy tensor of matter T νµ , gives the following conservation law:
∂µ[
√−g(T µν + tµν )] = 0. (1)
In such a case, the quantity
Pµ =
∫ √−g(T µν + tµν )d3x, (2)
is called the general-relativistic generalization of the energy-momentum four-vector of
special relativity [2]. It can be proved that Pµ is conserved when:
• T µν 6= 0 only in a finite part of space;
and
• gµν → ηµν when we approach infinity,
where ηµν is the Minkowski metric.
However, there is no reason to doubt that, if the above conditions were not fulfilled,
we might eventually get a constant Pµ, because the above conditions are sufficient, but
not strictly necessary.
Consequently, several energy-momentum prescriptions have been proposed [3, 4, 5,
6, 7, 8, 9]. Except for the Møller definition these formulations only give meaningful
results if the calculations are performed in Cartesian coordinates. Møller proposed a
new expression for energy-momentum complex which could be utilized to any coordinate
system. Next, Lessner [10] argued that the Møller prescription is a powerful concept for
energy-momentum in general relativity. This approach was abandoned for a long time
due to severe criticism for a number of reasons [11]. Virbhadra and collaborators revived
the interest in this approach [12] and since then numerous works on evaluating the energy
and momentum distributions of several gravitational backgrounds have been completed
[13]. Later attempts to deal with this problematic issue were made by proposers of quasi-
local approach. The determination as well as the computation of the quasi-local energy
and quasi-local angular momentum of a (2+1)-dimensional gravitational background
were first presented by Brown, Creighton and Mann [14]. A large number of attempts
since then have been performed to give new definitions of quasi-local energy in Einstein’s
theory of general relativity [15]. Furthermore, according to the Cooperstock hypothesis
[16], the energy is confined to the region of non-vanishing energy-momentum tensor of
matter and all non-gravitational fields.
Recently, the problem of energy-momentum localization has also been considered in
teleparallel gravity [17]. Møller showed that a tetrad description of a gravitational field
equation allows a more satisfactory treatment of the energy-momentum complex than
does general relativity. Therefore, we have also applied the super-potential method
by Mikhail et. al. [18] to calculate the energy of the central gravitating body. In
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Gen. Relat. Gravit. 36, 1255(2004); Vargas, using the definitions of Einstein and
Landau-Lifshitz in teleparallel gravity, found that the total energy is zero in Friedmann-
Robertson-Walker space-times. There are also several papers on the energy-momentum
problem in teleparallel gravity. The authors obtained the same energy-momentum for
different formulations in teleparallel gravity [19, 20, 21].
Considerable efforts have also been performed in constructing super-energy tensors
[22]. Motivated by the works of Bel [23] and independently of Robinson [24], many
investigations have been carried out in this field [25].
The paper is organized as follows. In the next section we introduce Vaidya black hole
models to be considered. In section 3, we calculate energy and momentum distributions
in Møller’s tetrad theory of gravity. Next, in section 4, we find energy for some special
Vaidya-like black hole solutions. Finally, section 5 is devoted to conclusions.
Notations and conventions: c = h = 1, metric signature (−,+,+,+), Greek indices
run from 0 to 3 and, Latin ones from 1 to 3. Throughout this paper, Latin indices
(i, j, k, ...) number the vectors, and Greek indices (µ, ν, α ...) represent the vector
components.
2. The Vaidya Black Hole Solutions
The spacetime metric resulting from a null-fluid effective Tµν is precisely of the
Vaidya type. This resembles the Schwarzschild geometry, except that the role of the
Schwarzschild massM is taken by a mass functionm(t, r), which varies extremely slowly
with respect both to t and to r in the space-time region containing outgoing radiation.
In this region, the slowly-varying Vaidya metric provides a valid approximation. The
corresponding approximate behavior of the overall spherically-symmetric ”background”
gravitational field at the later times is expected to be given by the Vaidya metric [26].
Suppose that the metric written with respect to coordinates (t, r, θ, ϕ) in the form
ds2 = −eb(t,r)dt2 + ea(t,r)dr2 + r2dΩ2 (3)

































dr2 + r2dΩ2. (5)
Here, dΩ2 = dθ2 + sin2 θdϕ2, and m(t, r) is a slowly-varying ”mass function”, with
m˙ = (∂m/∂t). This describes the background of a given space-time which results from
the energy-momentum tensor of the high-frequency black hole radiation.
A change of variables: (t, r)→ (u, r), can also be found such that the line element






du2 − 2dudr + r2dΩ2 (6)
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Then radially-outgoing null geodesics are precisely paths of constant u. The function m
is now independent of r, and constant along outgoing null rays. In the generic case that
(dm/du) is not known, it has proved that it is impossible to diagonalize the Vaidya metric
and to write u as an explicit function of t and r. Since m˙ < 0 and m′ = (∂m/∂r) > 0,
one finds that, along lines u = constant, r increases with increasing t. As in the fixed-
mass Schwarzschild solution, Vaidya metric in the form 5, has a coordinate singularity
where r = 2m(t, r). But from the (u, r) in (6), one can see that the apparent singularity
in the metric (5) at r = 2m(u) is only a coordinate singularity [29].
We now relate the Vaidya metric, as given (5), to other coordinate forms of the





























































dr2 + r2dΩ2 (12)
The Vaidya model in the context of black hole radiation, for example, has been studied
by Hiscock [30]. For the line element (12), gµν and g
µν are defined by









































−2 sin−2 θδµ3 δ
ν
3 . (14)
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3. Energy-momentum distributions in teleparallel gravity
Teleparallel theories of gravity, whose basic entities are tetrad fields haµ (a and µ are
SO(3,1) and space-time indices, respectively) have been considered a long time ago by
Møller [31] in connection with attempts to define the energy of the gravitational field.
Teleparallel theories of gravity are defined on Weitzenbo¨ck space-time [32], which is
endowed with the affine connection Γλµν = h
aλ∂µhaν , and where the curvature tensor,
constructed out of this connection, vanishes identically. This connection defines a
space-time with an absolute parallelism or teleparallelism of vector fields [33]. In
this geometrical framework the gravitational effects are due to the space-time torsion
corresponding to the above mentioned connection.
As remarked by Hehl [34], by considering Einstein’s general relativity as the best
available alternative theory of gravity, its teleparallel equivalent is the next best one.
Therefore it is interesting to perform studies of the space-time structure as described
by the teleparallel gravity.
Møller constructed a gravitational theory based on this space-time. In this
gravitation theory the field variables are the 16 tetrad components h µi , from which
the metric tensor is defined by




We assume an imaginary value for the vector h µ0 in order to have a Lorentz signature.
We note that, associated with any tetrad field h µi there is a metric field defined uniquely
by equation (15), while a given metric gαβ doesn’t determine the tetrad field completely;
for any local Lorentz transformation of the tetrads h µi leads to a new set of tetrads
which also satisfy equation (15). The Lagrangian L is invariant and constructed from
ξαβµ and g




where the semicolon denotes covariant differentiation with respect to Christoffel symbols.
The most general Lagrangian density which is invariant under the parity operation is














Here m1, m2 and m3 are constants determined by Møller such that the theory coincides











where κ is the Einstein constant, and λ is free dimensionless parameter. The same
choice of the parameters was also obtained by Hayashi and Nakano [35].
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Møller applied the action principle to the Lagrangian density given by equation
(17) and obtained the field equation in the form
Gαβ +Hαβ = −κTαβ , (20)
Fαβ = 0 (21)
where Gαβ is the Einstein tensor and defined by
Rαβ − 1
2
gαβR = Gαβ . (22)




















Φα,β − Φβ,α − Φρ(ξραβ − ξρβα) + ξραβ;ρ
]
, (24)
and they are symmetric and skew symmetric tensors, respectively.
Møller assumed that the energy and momentum tensor of matter fields is symmetric.
In the Hayashi-Nakano theory, however, the energy and momentum tensor of spin-1
2
fundamental particles has a non-vanishing anti-symmetric part arising from the effects
due to the intrinsic spin, and the right-hand side of equation (21) doesn’t vanish when
we take into account the possible effects of intrinsic spin.
It can be shown [36] that the tensors, Hαβ and Fαβ , consist of only those terms






where ǫρµνλ is given by following definition
ǫρµνλ =
√−gδρµνλ (26)
where δρµνλ being completely anti-symmetric and normalized as δ0123 = −1. Therefore,
both Hαβ and Fαβ vanish if the ζρ is vanishing. In other words, when ζρ is found to
vanish from the anti-symmetric part of the field equations (21) and symmetric part of
(20) coincides with the Einstein equation.






ρgσχgµτ − λgτµξχρσ − (1− 2λ)gτµξσρχ] (27)
where P τνβχρσ is








σχ − δτσgνβχρ (28)





σ − δνσδβρ . (29)
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where comma denotes ordinary differentiation. The energy E and momentum










Ξ 0i dxdydz. (32)
Here, the index i takes the value from 1 to 3. The angular momentum of a general







k − xkΞ 0j )dxdydz (33)
where i, j and k take cyclic values 1, 2 and 3. We are interested in determining the
total energy and momentum components.
The general form of the tetrad, hµi , having spherical symmetry was given by
Robertson [38]. In the Cartesian form it can be written as
h 00 = iW, h
0
a = Zx
a, h α0 = iHx
α,





where W,K,Z,H, S, and G are functions of t and r =
√
xaxa, and the zeroth vector hµ0
has the factor i2 = −1 to preserve Lorentz signature and the tetrad of Minkowski space-
time is hµa = diag(i, δ
α











are, respectively, the isotropic and Schwarzschild coordinates
(t, r, θ, φ). In the spherical, static and isotropic coordinate system X1 = r sin θ cosφ,
X2 = r sin θ sinφ, X3 = r cos θ. We obtain the tetrad components of h µa as











































where i2 = −1. Here, we have introduced the following notation: sθ = sin θ, cθ = cos θ,
sφ = sinφ and cφ = cosφ. After making some calculations [39, 40], the required non-















































ξ233 = −sθcθ, ξ323 =
cθ
sθ
, ξ332 = cθ ln r (40)



















Next, we obtain the non-vanishing required Møller’s super-potentials of Σνβµ as
following
Σ010 (t, r, θ) = 2 sin θe
ψκ−1 [m− rm′ + r(r − 2m)ψ′] , (42)
while the momentum density distributions take the form
Ξ01(t, r, θ) = 0, Ξ
0
2(t, r, θ) = 0, Ξ
0
3(t, r, θ) = 0. (43)
Hence, we find the following energy
E(t, r) = eψ [m− rm′ + r(r − 2m)ψ′] , (44)
and one can easily find that the momentum components are
−→
P (t, r) = 0. (45)
It is evident that the teleparallel gravitational results are independent of teleparallel
dimensionless coupling parameter λ which means that these results are valid not only
in teleparallel equivalent of general relativity but also in any teleparallel model.
4. Energy in some special cases of the Vaidya black hole
In this part of the study, by setting ψ = 0, we focus on the cases such that the energy
expressions corresponding to them are obtained by Yang and Jeng [41].





where ε is an arbitrary constant. This solution corresponds to the one which can be
identified as representing the gravitational field of a monopole. In this case, the energy
obtained is
1E(t, r) = 0. (47)
2. The de Sitter and anti-de Sitter solutions: In the Vaidya radiation coordinates,
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here Λ is the cosmological constant. This corresponds to the de Sitter solution for Λ > 0,
and to the anti-de Sitter solution for Λ < 0. The calculated energy transforms in this




Λr3(Λr2 − 3). (49)
3. The charged Vaidya solution: The mass function for the charged Vaidya solution
[43] is found as




where the two arbitrary functions k(t) and q(t) represent the mass and electric charge
at the advanced (retarded) time t, respectively. Hence, the energy component of the







q2(t) + r(r − 2k(t))
]
. (51)
4. The monopole-de Sitter-charged Vaidya solution: The corresponding mass











Considering the teleparallel gravity version of the Møller energy-momentum complex,









q2(t) + r(r − 2k(t))
]
. (53)
5. The radiating dyon solution: The solution [44], which describes the gravitational
field of non-rotating massive radiating dyon, is obtained by Chamorro and Virbhadra,
and its mass function is
















m(t) + r(r − 2K(t))
]
. (55)
6. The Husain solutions: The solutions were found by Husain [45] with imposing
the equation of the state P = kρ have the mass function defined as
m(t, r) = Y (t)− L(t)
(2η − 1)r2η−1 , (56)
where Y (t) and L(t) are two arbitrary functions, and η is a constant. Next, by using
the Møller energy and momentum formulation in teleparallel gravity, one can obtain the
following energy distribution associated with this model
6E(t, r) =
2ηL(t)
(1− 2η)r1−2η + Y (t). (57)
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5. Discussions
A non-static spherically symmetric solution of Einstein’s equations for an imploding
(exploding) null dust fluid is found by Vaidya in 1951. In various contexts this null dust
may be interpreted as a high-frequency electromagnetic or gravitational wave, incoherent
superposition of aligned waves with random phases and polarizations, or as massless
scalar particles or neutrinos. Since then, the solution has been intensively studied in
gravitational collapse [46]. Particularly, Papapetrou [47] firstly showed that this solution
can give rise to the formation of naked singularities, and thus provided one of the earlier
counterexamples to the cosmic censorship conjecture [48]. Furthermore, this solution
was generalized to the charged case [29], and the charged Vaidya solution has been
studied soon in various situations. It had been used to study the thermodynamics of
black holes by Sullivan and Israel [49], and became a classical model for the geometry of
evaporating charged black holes by Kaminga [50]. In the meantime, Lake and Zannias
[51] studied the self-similar case and found that, similar to the uncharged case, naked
singularities can be also formed from gravitational collapse.
In this work, we briefly present the energy distribution associated with the six
of Vaidya-like black hole solutions; the monopole solution (MS), the de Sitter and
anti-de Sitter solutions (dSadS), the charged Vaidya solution (CV), the monopole-de
Sitter-charged Vaidya solution (MdSCV), the radiating dyon solution (RD), the Husain
solutions (HS), respectively. The energy in curved space-time has been a subject of
extensive research since the early days of general relativity. Here, the evaluation of the
energy distribution of a system in the gravitational cases (for instance; general relativity,
teleparallel gravity) is based on two physical reasons. First, the total energy of a system
should be a conserved quantity and could play an important role in solving the equation
of motion. Second, the energy distribution must be positive everywhere if attractive
forces exist only. Hence, it is very interesting to calculate energy in teleparallel gravity
associated with the Vaidya-like space-times.
The results obtained agree with those calculated by Yang and Jeng in general
relativity. In general case, we find the following energy distribution and momenta:
P0(t, r) = E(t, r) = e
ψ [m− rm′ + r(r − 2m)ψ′] , (58)
−→
P (t, r) = 0. (59)
Next, the teleparallel gravitational results are independent of teleparallel
dimensionless coupling parameter λ which means that these results are valid not
only in teleparallel equivalent of general relativity but also in any teleparallel model.
Except for the energy-momentum formulation of Møller in teleparallel gravity for the
monopole solution vanishes everywhere, for the other solutions we have non zero energy
component, and only the energy distributions of the de Sitter and anti-de Sitter solution
are independent of t.
MSE(t, r) = 0, (60)






































(1− 2η)r1−2η + Y (t). (65)
Without the cosmological constant we get







q2(t) + r(r − 2k(t))
]
. (67)
Furthermore, our study supports the viewpoint of Lessner that the Møller energy-
momentum complex is a powerful concept of energy and momentum, and sustains
the importance of the energy-momentum definitions in the evaluation of the energy
distribution of a given space-time. The results obtained here also supports the
hypothesis by Cooperstock that the energy is confined to the region of non-vanishing
energy-momentum tensor of matter and all non-gravitational fields.
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